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Abstract. We present a method to count the different ways to form
work teams in large corporate companies for projects with specific re-
quirements. The teams are formed by employees and according to the
ability of the employees for satisfying the requirements of the project. We
model this problem through signed graphs, where each node represents
an employee and an edge defines a restriction between the employees.
The restrictions of a project is translated as a Boolean Formula X' in two
conjunctive form (2 — CF).

The logical one values in a satisfied assignment of X' determine what
employees can be part of an adequate team, while the logical zero values
in a satisfied assignments of X' indicate the employees that they have not
to be part of the team.

In this model, SAT(X) contains the set of different teams that can be
formed to develop effectively the project. And #SAT(X) will show us
how many different teams can be formed to develop the project. In order
to compute #SAT(X), a signed extended graph is formed and recur-
rence equations are applied. We show for what class of signed graphs the
computation of #SAT(X) can be done in polynomial time.
Keywords: Signed graphs, #SAT Problems, Counting Models.

1. Introduction

Signed graphs (graphs whose edges are designated positive or negative). This
class of graphs have been very useful for modeling different class of problems in
the social sciences [3,5,2]. For example, signed graphs are used for modeling
the interaction among a group of persons and the type of relationship between
certain pair of individuals of the group.

We are interested in computing the different work teams that can be formed
to develop certain kind of projects in large corporative companies. This problem
can be modeled through signed graphs, considering each node of the graph as
an employee and forming edges to join nodes that represent restriction between
those employees. A team’s leader of the project defines the restrictions of the
project, and such constraints form a Boolean Formula X' in 2— CF (conjunction
of binary or unary clauses).

Therefore, if we can find SAT(X) (the satisfy assignments of X), we will
obtain the adequate teams to develop the project effectively. And #SAT(X)
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(the number of models in X') shows how many different teams can be formed to
develop the project.

The SAT problem is a classic NP-complete problem [1], while #SAT is rel-
evant in the following issues: for estimating the degree of reliability in a com-
munication network, for computing degree of belief in propositional theories, for
the generation of explanations to propositional queries, in Bayesian inference,
in a truth maintenance systems and for repairing inconsistent databases [6,8].
Those previous problems come from several Al applications such as planning,
expert systems, reasoning, etc.

#SAT is as difficult as the SAT problem, but even when SAT can be solved in
polynomial time, it is not known an efficient computational method for #SAT.
For example, the 2-SAT problem (SAT limited to consider (< 2)-CF’s) can be
solved in linear time. However, the corresponding counting problem #2-SAT is
#P-complete.

The aim is to develop a method to count the different teams that can be
formed to develop different projects through to count the number of models in
the Boolean formula associated to the requirements of the project.

This kind of automatization, will help the companies to save money and time,
by making the team work selection process more efficient and dynamic.

2. Notation and Preliminaries

A signed graph I' (also called sigraph) is an ordered pair I' = (G, o) where
G = (V,E) is a graph called the underlying graph of I" and o : E — {+,—} is
a function called a signature or signing. E+(I") denotes the set of edges from E
that are mapped by o to ‘+’, and E~(I") denotes the set of edges from E that
are mapped by o to -’.

The elements of ET(I") are called positive edges and those of E~(I") are
called negative edges of I'. A signed graph is all-positive (respectively, all-
negative) if all of its edges are positive (negative); further, it is said to be homo-
geneous if it is either all-positive or all-negative, and heterogeneous otherwise.

Signed graphs have been very useful for modeling interactions among a group
of persons and for representing the type of relationship between certain pair of
individuals of the group. Special focus is on the social inequalities. What is it
about such characteristics as sex, race, occupation, education, and so on that
leads to inequalities in social interactions? [2].

Given a set of de n Boolean variables, X = {x1,29,...,2,}. It's called a
literal to any variable x or the negation T of it. We use v(l) to indicate the
variable involved by the literal I.

The disjunction of different literals is called a clause. For k € N, a k — clause
is a clause consisting of exactly k literals. A variable x € X appears in a clause
cif z or T is an element of ¢. Let v(c) = {x € X : x appears in c}. A conjunctive
form (CF) is a conjunction of clauses. A k — CF is a CF containing only
k — clausulas and, (< k) — CF denotes a C'F containing clauses with at most
k literals.
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Let X' be a 2-CF, then an assignment s for X' is a function s : v(X) — {0, 1}.
An assignment can also be considered as a set of non-complementary pairs of
literals. If [ € s, being s an assignment, then s makes [ true and makes [ false.
A clausula c is satisfied if and only if cN's # (), and if for all [ € ¢,I € s then
s falsifies c.

A CF X is satisfied by an assignment s if each clausula in X is satisfied by
s and X is contradicted if it is not satisfied. s is a model of X if s is a satisfied
assignment of X.

Let SAT(X) be the set of models than X' has over v(X). X' is a contradiction
or unsatisfiable if SAT(X) = 0. Let ju,(x)(¥) = [SAT(X)], be the cardinality of
SAT(X). Given X a CF, the SAT problem consists in determining if X' has a
model. The #SAT consists of counting the number of models of F' defined over
v(X). We will also denote g, (xy(¥) by #SAT(Y).

Given a signed graph Gy, we obtain the associated Boolean formula Y. X
can be expressed as a two Conjunctive Form (2-CF) in the following way. Let
Gx = ((V, E), o) be the signed graph, then v(X) = V and for all positive edge
rty in G the clause (z,y) is part of X, while for a negative edge =y in G5
the clause (v(z),v(y)) is part of X. This means that the vertices of G5 are the
variables of X'| and each signed edge clause in F there is a clause in Y.

2.1. Extending Signed Graphs

We consider the following approach which represents a very important applica-
tion of signed graphs:

Corporate companies working based on projects must dynamically form work
teams to solve the projects requirements. These companies have a finite set of
"n” employees available, which we denote as: X={z1, ..., Zn}.

Project managers propose the staff selection to form a work team, based on
restrictions between pairs of employees, such restrictions are formed according
to the capabilities of employees and the requirements that must be accomplished
in the project. For example, a restriction could be where both employees have
the same abilities, another example could be where no employee covers some job
profile for a certain type of project and this difficult or delay the develop of the
project that might be accomplis with another employee that match the required
profile.

The project manager defines the restrictions (capabilities or requirements)for
each project with a pair of employees, where: i # j = 1,2, ...,n. The clause is
the way to model the restrictions on the employee x; and the employee ;. We
identified four cases that model the relation between a pair of employees.

Case 1: (z;). It indicates that it is mandatory for the employee z; to be part of
the project.

Case 2: (z;Vx;). The clause is unsatisfiable when z; = 0 and x; = 0, indicating
that either one employees x; or x; must participate in the team, or even both
can be on the same team.
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Case 3: (z;V ~ x;). The clause is unsatisfiable when x; = 0Az; = 1. It indicates
that if z; is on the team, then x; should’t be on the same team, because they
block themselves, in the same way if z; is in the team then z; must not be in it.
Case 4: (~ z;V ~ z;). The clause is unsatisfiable if ; = 1 A z; = 1 indicating
that either one x; or x; employees should not participate in the team, even may
not be both. But we must avoid having both in the same team.

This kind of restrictions are joined in a formula ¥ in 2 — F'C' (conjunction
of binary or unary clauses where each variable appears twice at most), and also
forms a constraint graph of the formula Gy.

Gy shows graphically how work teams can be formed to develop a project.
Thus, an assignment that satisfies X indicates a way of creating the proper
work team that will handle a certain project. This means that the variables that
take value 1, represents the employee that will form the team, and the value 0
represents the employee that should not be on the team.

Therefore SAT(X) contains all the possible teams that can be formed to
implement the project effectively and #SAT(X) will indicate us how many dif-
ferent teams can be formed for the project X.

The signed graphs are very useful to represent some kind of relationships
among individuals. In this case, each employed is a node of the graph and there
is an arc between {x,y} if = is in some relation to y. Many of the relation-
ships of interest have natural opposites, for example: likes/dislikes, associates
with/avoids, and so on [2]. For this, two different signs {4, —} are associated
with each edge of the graph.

For example, if we consider that x likes y, then a positive edge is denoted
between x and y, but we do not know what about y with x. y might dislike x or
maybe like him. In order to be more precise in the kind of relationships between
two individuals is better to consider two signs in each edge, one sign associated
with each point end of the edge.

Furthermore, in order to consider general Boolean formulas in 2-CF, we con-
sider an extension of the concept of signed graphs. Instead to consider just one
sign (4 or -) associated with each edge of a signed graph G = ((V, E),0), we
consider here that all edge in F has associated a pair of signs. Then the signed
function ¢ has now the type o :— {(+,+), (+, —), (=, +), (—, —)} which gives a
pair of signs to each edge of G.

In this way, all binary clause {z,y} can be represented by a signed edge in
the graph in a natural way without importance of the signs associated to the
variables in the clause. For example the clause {Z, y} will be represented as the

-+
signed edge * — — — y and in this case, - is called the adjacent sign of x and +
-+
the adjacent sign of y in the edge x — — —— y.

Add more, we can consider those extended signed graphs as work team
Y = (G,0) where G = (V,E) is the underlying graph of ¥ and 0 : £ —
{(+,4), (+,-), (=, +), (=, —)} is the signature function. That means that all
edge in the graph of work team is signed in its endpoints.
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We are interested here, in count the different assignments associated to the
nodes of the work team in such a way that all edge in the work team will be
satisfied by at least one of its two possible signs of its endpoints.

For this, we start analyzing the way to build satisfy assignment in the work
team considering first the most simple topologies associated with the underlying
graph of a work team.

3. #SAT Solution Techniques

3.1. If Gx is a Linear Path

Let us consider that the graph of the work team, Gy = (V,E) is a linear
path. Let us write down its associated formula Y, without a loss of generality
(ordering the clauses and its literals if it were necessary), as: X' = {c1,...,cm} =

{{af ad ) {ogtaft ), Aoy ad } by where [o(e)Nu(es)| = 1,1 € [m—1],
and &;,¢; € {0,1}, i = 17 e,

In order to compute the number of signed paths in such graph of the work
team, we start with a pair of values («;, ;) associated with each node 7 of the
graph. We call the charge of node i to the pair («;, §;). The value (a;) indicates
the number of times that node i takes the positive value and (3;) indicate the
number of times that node i takes the negative value.

Let f; be a family of clauses of X' built as follows: fo = 0,f; = {¢;};<i,

€ [m]. Note that f; C fiy1, i € [m — 1]. Let SAT(f;) = {s : s satisfies f;},

, = {s € SAT(f;) : =; € s}, B; = {s € SAT(f;) : T; € s}. Let ay =
|Ail; Bi = |Bi| and p; = |SAT(f;)| = i + Bi. From the total number of models
in p;,i € [m], there are «; of which z; takes the logical value ’true’ and f;
models where z; takes the loglcal value ’false’.

For example, ¢; = (25, 23"), f1 = {1}, and (o, 1) = (1,1) since z; can take
one logical value ’true’ and one logical value ’false’ and with whichever of those
values satisfies the subformula fo while SAT(f1) = {@$* a5, z1 =2l 22l =01},
and then (ag, f2) = (2,1) if 4; were 1 or rather (aq, f2) = (1,2) if §; were 0.

In general, we compute the values for («;, ;) associated to each node x;,
i = 2,..,m, according to the signs (€;,d;) of the literals in the clause ¢;, by the
next recurrence equation:

(Bi-1 -1+ Bic1) ifgﬁiaéi) =(--)
(az + ﬁl 7/82 ) Zf €i76i) = (_7 +)

@B = (aics it + i) if(en ) = (+1-) W
(az 1 + Bz 1,004—1 ) Zf(Glaé’L) = (+v +)

We denote with © —’ the application of one of the four rules of the recurrence
(1), so, the expression (2,3) — (5,2) denotes the application of one of the rules
(in this case, the rule 4), over the pair (a;—1,8;—1) = (2,3) in order to obtain
(e, Bi) = (i1 + Bi—1, a5-1) = (5,3).

In recurrence (1) the (e;,d;) represents the signs associated with the edge
joining a child node joining with the father node. These recurrence equations
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allow to carry the count to indicate the different ways to conform work teams
for the project. In fact, the sum «; + 3; obtained from the root node of the graph,
indicate the total number of Boolean formula models associated with the graph
and it is as well as the number of different ways to conform work teams for the
project.

a)

(1,1) = (1) = (23 —> (53) —> (85) =13 models

b) .

(1,1 (13) =—>  (@4,1)

- 21) —> —> (5,1) =6 models

Fig. 1. a) Counting models over a positive path. b) Counting models over a general
path.

Example 1 Let X = {(x1,22), (22, T3), (T3, 24), (x4,25)} be a path, the series
(i, Bi), 4 € [5], is computed according to the signs of each clause, as it is illus-
trated if the figure (1a). A similar path with 5 nodes but with different signs in
the edges is shown in figure (1b).

If X is a path , we apply (1) in order to compute p(X). The procedure has a
linear time complexity over the number of variables of X, since (1) is applied
while we are traversing the chain, from the initial node yq to the final node y,,.

3.2. If Gyx is a Tree

The charge of the nodes (a;, 5;) for ¢ = 1...n, are calculated as the nodes are
visited applying a post-order traversals. The first pair of values (o, 3;) for the
terminal nodes of the network (tree leaves) are initialized with the value (1,1).
So, to traverse the tree in post-order, we start by the left tree first, followed by
the right tree, and then finally the root node. At each visit of a child node i — 1
to a father node 7, the new values («;, 5;) are computed for the father node as
shown in the algorithm 1.

This procedure returns the number of signed paths as the ways to conform
the work teams for the project in time O(n + m) which is the necessary time for
traversing Gy in depth-first [7]
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Input: Ay the tree defined by the depth-search over connectivity graph of the
electrical network G5

Output: The number of signed paths of an electrical network.

Procedure: Traversing Ax in depth-fist, and when a node v € Ay is left (all of
its edges have been processed) assign:

1. (v, Bv) = (1,1), If v is a leaf node in Ax

2. If v is a father node with a list of child nodes associated, i.e., u1,u1,...ux, are
the child nodes of v, then as we have already visited all the child nodes, then
each pair (cw;, fu;) j =1, ...,k has been defined based on (1), (aw,, Bv;) is
obtained by apply (2) over (ai—1,8i—1) = (Qu;, fu;). This step is iterated until
computes all the values (aw;, Bv;), 5 = 1,, k. And finally, let a, = H{fl Qu; ¥
Bo = Hizl /ij

3. If v is the root node of AY the return (o, + 8v)

Algorithm 1: Algorithm Count_Models ( Ay )

3.3. If Gx have a Single Cycle or Parallel Edges

The method now proposed is based on the recurrence equations in Table 1 and
set theory.

Parallel Edges The parallel edges are those that join two nodes more than
once, to be exact up to 4 times. In this way can be created only 4 cases of edges
{ ﬁ), +—3, j), — 1}, a fifth case would be redundant of any of the above.
Hence the idea to combine the recurrence equations with set theory.

The method consists of:
1.We must know which is the source node and destination node, so we choose
the direction of the edges.
2. Values are taken Greek letters source node (ay, 3;) to obtain the final result
of the values of the destination node (a;41,B;+1). Each value of the destination
node is a unitary set. If there is a sum, then they will join Greek letters and
form a set of two elements.
3. For each ordered pair value of their corresponding sets intersect. The resulting
set will be the value that the destination node. If the intersection is empty set
then the value is zero.
4. In case of quadruple parallel edges automatically eliminates the possibility of
finding a model or mapping that satisfies the Boolean formula.

Example 2 Let X = {(.731,.732), (.731,$4), (33171:8)7 (51758)7 (thS)) (fha:S)a
(x2,T3), (T2, 23), (T4, 25), (T4, T6), (T6, 27), (¥6,T7), (T6,7)}
Step 1. In this example, X' contains quadruple parallel edges which we give the

result that there is no satisfiable assignment for it. We note that the leaf nodes
should take values from (1,1). To resolve double parallels edges that join x3, 2,

we apply the recurrence ( 1) where in this case, we have the cases of edges (+—_>,

:3) In Table 1, we show the step 3, with the help of recurrence ( 1) for the
cases 2 and 3.
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Fig. 2. Graph with parallel edges from a formula in 2-CF.

Table 1. Recurrence Equations expressed in sets

3. () — ()| @iv1 ={as}  Biy1 = {a, Bi}
2. () —(+)|air1 = {ai,8: }  Bix1 = {Bi}

In Table 2, we show the step 4, intersections are performed of (a1, Bit+1)-

Table 2. Recurrence Equations expressed in sets of triple edges

ait1 = {ai} (Has, Bi} = {ai}
(23, 22)| Bit1 = {c, Bi} (W Bi} = {Bi}

Table 3. Intersection of the sets of (ait1, Bit+1)

1L () —(H)|aiy1 ={ai, B } Pir1 = {au}
2. (H)—() |ait1 ={ai}  Bit1 ={ou, Bi}
3. () —(+) |ais1 = {i, Bi ¥ Bir1 = {Bi}

In Table 2, we show the step 4, intersections are performed of (o y1, Bit+1)-

In Table 4, we obtain an empty set for 8;11. In quadruple edges of (zs,z1),
the end result for z1 is (0,0), to prove this only sets must intersect all four cases,
this is shown in Table 5.
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Table 4. Intersection of the sets of (ait+1, Si+1) with triple edges

ait1 = {au, Bi} (o} e, Bi} = {ai}
(z7,26)|  Bir1 = {ai} o, Bi} {Bi} =0

Table 5. Intersection of the sets of («it1, 8i+1) whit quadruple edges

aip1 = {oi, Bi} (e} (ou, B} (B} =0
(zs,z1)|Biv1 = {ai} e, Bi} (W Bi} i, Bi} =0

Simple Cycles So far we have only count models of Boolean formulas that are
converted to tree-like graphs. But what happens if there is a simple cycle? This
mystery will be solved below.

The cycles are formed by back edges [4], which is why we subtract the value
of the path to that node, the negative value of the ordered pair that makes the
back edge unsatisfiable.

The method consists of:

1. Make to traverse in a graph until arriving at the back edge. The first node
is the destination of the back edge, then follow the normal course of recurrence
equations, until the source node of the back edge.

2. You must find the values that unsatisfiable the clause that represents the back
edge.

3. Is again make to traverse from the destination node to the source node of
the back edge, but taking into account only the value of the ordered pair that
contains the destination node which unsatisfied the back edge. The other side
will get a zero.

4. When you reach the the source node back edge only subtract the negative
part of the ordered pair of the new tour route to normal.

5. This new ordered pair used to traverse the whole graph.

6. Should you find another cycle or back edge repeat the process.

Example 3 Let X = {(Il,fg), (fg,fﬁg), (I2,$4), (5637934)7
(T4, T5)} be a boolean formula in 2-CF.

Step 1. The graph obtained of X' is shown in Figure 3a. The values of recurrence
equations are below the graph, without regard to cycle or back edge. In this way,
there are 11 assignments that satisfy Y.

Step 2. The back edge that forms a simple cycle is (22, x4). Previous clause is
unsatisfied with zo9 = 0 and x4 = 0, if x4 is source node and x5 is destination
node.

Step 3. Make to traverse from the node x5, but its value will (0, 2), as this node
unsatisfiable in the negative part and therefore the positive part is converted in
zero. This is shows in Figure 3b.

Step 4. Substraction is made of the negative part obtained in the steps 1 and 3,
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+ +
+ - - + + + - -

(1.1) —— (1,2) —> (3.2) —> (5,3) —> (3,8)

w

(0,2) —> (22) —> (4.2)

w

(11) —> (1,2) —> (3.2) —> (5.3) —> (3.8)
(1 1) —> (02) —> (22) ——>(4,2)
(5,1) —> (1.6)

Fig. 3. a) Graph with simple cycle. Normal tour. b) Traversing the cycle. ¢)Count
models of a graph with a simple cycle.

respectively, (5,3) — (0,2) = (5,1).
Step 5. We ends the tour which is shown in figure 3c. The result is 7 assignments
that satisfy X.

4. Conclusions and Future Work

Most companies today use work teams to reach a particular purpose, which
obtains effectively results for certain type of project under a certain time.

The task of project managers is to consolidate staff to create a team that
can achieve the desired results, under certain types of restrictions, that might be
empathy, capabilities, abilities and knowledge to accomplish the project. These
relations or restrictions are often complex for the project manager and he need
to take the best decision.

Our solution is based on graph theory and the satisfiability solutions of
boolean formulas that represent the graphs. They can solve the problem by
finding the number of ways to form work teams and the individuals that are
part of those teams, eliminating errors and reducing time in selecting the right
staff.

Until now only we solve graphs with simple edges, parallel edges, simple cycles
and combinations between them. The solution of graphs with nested loops is in
process and will help to have a complete scene and can model any job relation.
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